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Classical vortex solutions in (1 + 2)-dimensional multi-Higgs systems are studied. In
particular the existence of such a solution requires equal characteristic lengths and a specific
relation between the ratio of the two Higgs vacuum expectation values and the couplings
in the Higgs potential, if λ3 6= 0.
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1
Recent measurements of the gauge couplings[1] have led to a growing anticipation that
the minimal supersymmetric Grand Unified Theories (GUTs)[2] or supergravity GUTs[3][4]
with the supersymmetry scale of order 1 TeV or below may be a phenomenologically
plausible unified theory of strong and electroweak interactions[5].
These supersymmetric GUTs in general require at least two Higgs multiplets for the
electroweak symmetry breaking[4][6][7][8]. Each Higgs gets its own vacuum expectation
value (VEV), say v1, v2, to spontaneously break the SU(2)×U(1)Y symmetry down to the
U(1)em. These VEVs are phenomenologically important but unfortunately they are not
determined theoretically except in some no-scale models[9]. The geometric sum v2 = v21+v
2
2
can be determined in terms of the mass of the gauge boson. This however leaves the ratio
of the two VEVs, tanβ ≡ v2/v1, still undetermined. Thus it is very important to look for
any condition which constrains the ratio rather theoretically, if possible.
With such a motivation in mind, in this letter we shall attempt to find any property
that constrains tanβ in multi-Higgs system, e.g. two-Higgs systems. The result is indeed
positive and we find that there is a simple formula to express tanβ in terms of the couplings
of the Higgs potential, so far as a certain vacuum defect exists. To demonstrate how it
works we shall work on a simple (1+2)-dimensional toy model, but the generalization for
a realistic model should be straightforward, which will be presented elsewhere[10].
The model we consider here is a local U(1) gauge theory with two Higgs singlet scalars.
The Higgs potential we use in fact is motivated by the general two-Higgs potential that
induces SU(2) × U(1)Y → U(1)em symmetry breaking, which is usually written in terms
of two Higgs doublets[7][8]. In terms of singlet Higgs scalars we shall take the following
potential:
V (φ1, φ2) =
λ1
4
(|φ1|2 − v21)2 +
λ2
4
(|φ2|2 − v22)2 +
λ3
4
(|φ1|2 + |φ2|2 − v2)2, (1)
2
where v2 = v21 + v
2
2 . This two-Higgs system has not only the local U(1) symmetry but also
accidental global U(1)1 × U(1)2 symmetry respectively for φ1 and φ2[11].
Note that if λ1 = λ2 = 0, this Higgs system has an accidental SU(2) global symmetry
if we require that (φ1, φ2) form an SU(2) doublet. This pattern of symmetry breaking,
SU(2)global × U(1)local → U(1)global, is known to lead to semilocal topological defects[12].
If λ3 = 0, this becomes simply a decoupled two-scalar system with global U(1) × U(1)
symmetry. There is a vortex solution trivially generalized from the result in ref.[13]. But
the system we consider here is different from them. In this letter we shall stick to the
general case that λ3 6= 0 and at least one of λ1 or λ2 is not zero. Then we shall find that
this system reveals a rather interesting result.
The key observation is that the spontaneous symmetry breaking of Eq.(1) leads to
a vortex solution, whose existence will introduce an extra condition on the Higgs VEVs.
Then we can determine them completely, which are related only by v2 = v21+v
2
2 otherwise.
Consider the Lagrangian density in (1+2)-dimensional space-time
L = −1
4
FµνFµν +
1
2
|Dµφ1|2 + 12 |Dµφ2|2 − V (φ1, φ2), (2)
where Fµν = ∂µAν − ∂νAµ and Dµ = ∂µ − ieAµ. Then the equations of motion are
DµDµφ1 + (λ1 + λ3)(|φ1|2 − v21)φ1 + λ3(|φ2|2 − v22)φ1 = 0, (3a)
DµDµφ2 + (λ2 + λ3)(|φ2|2 − v22)φ2 + λ3(|φ1|2 − v21)φ2 = 0, (3b)
∂µFµν = Jν ≡ J1ν + J2ν , (3c)
Jiν = −12 ie(φ∗i ∂νφi − φi∂νφ∗i )− e2Aν |φi|2, i = 1, 2.
For time-independent solutions we choose A0 = 0 gauge, then the system effectively
reduces to a two-dimensional one. In this case since we are interested in vortex solutions
3
in R 2, it is convenient to represent them in the polar coordinates (r, θ)[13] such as
φ1 = e
imθf(r), φ2 = e
inθg(r), ~A = êθ
1
r
A(r), (4)
where m,n are integers identifying each winding sector. To become desired finite-energy
defects located at r = 0 these should satisfy the following boundary conditions:
f(0) = 0, g(0) = 0, A(0) = 0,
f → v1, g → v2, A→ const. as r →∞.
(5)
The constant for the asymptotic value of A will be determined properly later.
In the polar coordinates the equations of motion Eq.(3a− c) can be rewritten as
−1
r
∂r(r∂rf) +
1
r2
f(m− eA)2 + (λ1 + λ3)(f2 − v21)f + λ3(g2 − v22)f = 0, (6a)
−1
r
∂r(r∂rg) +
1
r2
g(n− eA)2 + (λ2 + λ3)(g2 − v22)g + λ3(f2 − v21)g = 0, (6b)
−∂2rA+
1
r
∂rA− e
[
(m− eA)f2 + (n− eA)g2] = 0. (6c)
In general it will be a formidable task to solve these equations exactly, but luckily, for
our purpose it turns out to be good enough to find approximate solutions for large r.
Imposing the boundary conditions at large r, Eqs.(6a, b) become consistent only if m = n
and that it fixes the asymptotic value A → ne as r → ∞. This implies that there is no
vortex solution of different winding numbers for different Higgs fields. This is in fact an
anticipated result because the vortex solution we are interested in is due to the spontaneous
symmetry breaking of the local U(1). With this condition of winding numbers we can solve
Eq.(6c) for large r to obtain
A→ n
e
− n
√
πv
2e
√
re−r/λ + · · · , (7)
where λ = 1/ev is the characteristic length of the gauge field. Note that the characteristic
length defines the region over which the field becomes significantly different from the value
at the location of the defect.
4
Now let us determine the characteristic lengths for φ1 and φ2 again for large r as
follows. For simplicity we consider n = 1 case, but the result does not really depend on n.
Asymptotically we look for solutions of the form
f ∼ v1(1− c1e−r/ξ1), g ∼ v2(1− c2e−r/ξ2), (8)
where the coefficients c1 and c2 are dimensionless constants. In principle these constants
were calculable if exact solutions were known. However, solving the equations asymptoti-
cally does not necessarily determine them. The exact result however would not change the
essential part of the following arguments because they at most will depend on λi’s only.
(The case that ci’s depend on tanβ to nullify my argument will be momentarily ruled out
below.) Then in the leading order we obtain
v1e
−r/ξ1
[
− 1
ξ21
+ 2(λ1 + λ3)v
2
1
]
+ 2cλ3v1v
2
2e
−r/ξ2 + · · · = 0 (9a)
cv2e
−r/ξ2
[
− 1
ξ22
+ 2(λ2 + λ3)v
2
2
]
+ 2λ3v
2
1v2e
−r/ξ1 + · · · = 0 (9b)
where c ≡ c2/c1 and the ellipses include terms which vanish more rapidly as r →∞.
If ξ1 6= ξ2, then λ3 should vanish. Therefore to have any nontrivial solution for λ3 6= 0
we are forced to identify
ξ ≡ ξ1 = ξ2,
and that by demanding the vanishing coefficient of e−r/ξ in Eqs.(9a, b) we obtain
1
2ξ2
= (λ1 + λ3)v
2
1 + cλ3v
2
2 = (λ2 + λ3)v
2
2 +
1
c
λ3v
2
1 . (10)
Then we can solve for tanβ as
tanβ ≡ v2
v1
=
√
λ1 + λ3 − 1cλ3
λ2 + λ3 − cλ3 . (11)
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If c = 1, then it simplifies to lead to
tanβ =
√
λ1
λ2
, λ3 6= 0. (12)
Suppose Eq.(11) were an identity which did not determine tanβ but it merely com-
puted c, c should depend on tanβ. If so, then one can solve the following quadratic
equation to obtain c in terms of λi’s and tanβ:
λ3c
2 +
(
tan2 β(λ2 + λ3)− (λ1 + λ3)
)
c− λ3 tan2 β = 0 (13)
and one can obtain
c±=
1
2λ3
[
− tan2β(λ2 + λ3) + (λ1 + λ3)±
√(
tan2β(λ2 + λ3)−(λ1 + λ3)
)2
+4λ23 tan
2β
]
.
(14)
Now one can easily see that c is ill-defined for at least two reasons, unless Eq.(12) or so is
satisfied.
Frist, as λ3 → 0, c increases indefinitely or approaches to zero. One may naively say
that this simply implies that ξ1 and ξ2 are not necessarily the same for λ3 = 0. However,
it is not the case. The reason is as follows: If c either increases indefinitely or approaches
to zero, at least one of ci should approach to zero. Otherwise it makes the asymptotic
formular ill-defined. Then the asymptotic formula should make sense for sufficiently small
r ≪ ξ because this term is already small enough. Thus we in fact lose the notion of the
characteristic length.
Secondly, for λ3 6= 0 as tanβ → 0 or ∞. Note that if one uses tanβ as an input
parameter, then c should be well-defined for any tanβ. However, in this case we can easily
see that c again approaches to zero or infinity, unless eq.(12) is satisfied.
Thus Eq.(11) is not an equation to determine c. We can get a consistent result only if
c is used as an independent input parameter. Therefore, one can reasonably assume c = 1
in a good approximation to obtain Eq.(12) as our result.
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Thus we have shown that the existence of vortex requires a specific ratio of the two
Higgs VEVs in terms of the couplings in the Higgs potential. This tells us that although
different Higgs field gets different VEVs, their characteristic lengths should be the same
to form a single defect. Both Higgs should reach the true vacuum at the same distance.
To do that the two VEVs should satisfy a proper relation, which is Eq.(12).
Furthermore, together with v, we can completely determine the VEVs as
v1 = v cosβ = v
√
λ2
λ1 + λ2
, v2 = v sinβ = v
√
λ1
λ1 + λ2
. (15)
The characteristic lengths ξ1, ξ2 now satisfy
ξ ≡ ξ1 = ξ2 = 1√
2v
√
λ1 + λ2
λ1λ2 + λ2λ3 + λ3λ1
. (16)
Note that, although tanβ does not depend on λ3, it is crucial to have nonvanishing λ3
coupling to obtain such a result. The gauge boson mass is MA = 1/λ = ev after sponta-
neous symmetry breaking. In a realistic model this gauge field in fact may be identified
with a massive neutral gauge boson, e.g. Z0.
Without loss of generality we can assume v2 ≥ v1 or tanβ ≥ 1. If λ1 = λ2, tanβ = 1.
In this case two Higgs are indistinguishable and we may be less motivated to have such a
system. But if we keep in mind of realistic models in which the couplings of the two Higgs
to fermions are different, there is no reason we stick to this case. From the beginning this
indeed has been our main motivation. Thus interesting cases are when λ1 > λ2 so that
tanβ > 1. To have large tanβ the quartic coupling of φ1 should be much stronger than
that of φ2. It will be interesting to see how this would affect a Coleman-Weinberg type
analysis[14] of the Higgs potential given in Eq.(1). In the case λ1 ≫ λ2 we observe that v2
is almost the same as v, while v1 becomes much smaller.
So far we have not mentioned anything about the stability of the vortex solution
obtained in this model. In a special case in which the gauge coupling is related to some
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of the Higgs couplings, this vortex solution saturates the Bogomol’nyi bound. Thus it is a
stable finite energy solution[15]. Even though it were not stable, it would not not forbid
us from using the argument presented here to constrain tanβ because it does not depend
on the stability of the solution. What matters is the formation of the defect at some stage.
This completes the proof of the existence of vortex solutions in the two-Higgs system
with the potential Eq.(1). The consistency condition of such existence requires that the
ratio of the two Higgs VEVs is constrained by the Higgs couplings, which otherwise are
not related. Much work is needed to find exact vortex solutions, but at this moment we
still get nontrivial physical implication with approximate solutions.
Note that such a vortex solution in the (1 + 2)-dimensional space is nothing but
the cylindrically symmetric cosmic string solution in the (1 + 3)-dimensional space-time.
Therefore, by amplifying the result given here, one should be able to determine the phe-
nomenologically important tanβ by studying the cosmic string solution, or perhaps any
(topological) defects, related to spontaneous symmetry breaking of realistic models, e.g.
the two-Higgs-doublet standard model or the supersymmetric GUTs[10]. If such a defect
does not exist,there is no reason why tanβ should be such a form. However, if it exists,
tanβ would be such a form. The final answer should be left up to the measurement of
tanβ experimentally. Furthermore, since the argument presented here does not necessar-
ily depend on the stability of the cosmic string, the universe does not need to have stable
cosmic strings to explain tanβ in such a way.
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